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DUALITY IN THE ANALYSIS OF SHELLS BY THE FINITE
ELEMENT METHOD

NGUYEN DANG HUNG

Faculty of Applied Sciences, University of Liege

Abstract-The static-geometric duality is a property particularly useful for application of the finite element
method to the analysis of doubly curved shells. After establishing the boundary conditions for Kirchhoff-Love
shells and finding the duality by the energy variational principle, this paper points out that, to every conforming
displacement element, one can let correspond an equilibrium element, and vice-versa. This is a generalization of
the slab analogy between the bending of plates and the stretching of membranes discovered some years ago by
Fraeijs de Veubeke and Zienkiewicz.
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orthogonal curvilinear coordinates
Lame parameters
principal radiuses of curvature of the middle surface
radiuses of geodesic curvature
displacement components
dual stress functions
components of membrane strain tensor
components of curvature tensor
rotation components
membrane force resultants
bending and torsion moment resultants
transverse shear resultants
stress tensor in matrix form
strain tensor in matrix form
force matrix
moment matrix
curvature matrix
Hooke's matrix
strain energy variation
complementary energy variation
Young's modulus
Poisson's ratio
shell thickness

1. INTRODUCTION

THE finite element method is one of the most powerful numerical methods discovered
recently [1] for the analysis of complicated structures. It consists of dividing the structure
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in a certain number of finite elements with simple geometric shape and structural function.
In each element, suitable assumptions are made on the displacement field or the stress field,
or both at the same time. In this manner displacement models, equilibrium models or hybrid
models are obtained.

Among the displacement and equilibrium models there are two sets of dual elements
distinguished from others by their special properties. Thus, a displacement model is called
conforming if its displacement field satisfies a priori the internal compatibility conditions
and secures the continuity of this field on the boundary. Likewise, an equilibrium model is
faultless if the internal equilibrium conditions are fulfilled a priori by the assumed stress
field and continuous stress transmission is warranted at the edge. As shown in Ref. [2J,
the first set of models yields an upper bound and the second, a lower bound of the direct
static influence coefficients. This property represents an important tool for the determina
tion of the quality and the numerical evaluation of the element.

Although the construction of the conforming displacement models is not easy, it
presents fewer difficulties than that of the equilibrium models. A successful attempt to
get new possibilities ofdevelopment of the last models has been made by Fraeijs de Veubeke
and Zienkiewicz [3J and afterwards by Elias Ziad [4]. They followed up on Southwell's
analogy and proved that each conforming displacement element of membrane stretching
corresponds to an equilibrium element of plate bending, and vice versa.

In this paper, based on the static-geometric analogy of Lure [5J and Goldenveizer [6J,
the duality is shown to be a general property of shell theory, of which plates and membranes
form particular cases.

2. FORMULAnON OF THE GENERAL THEORY OF SHELLS

The general theory of the Kirchhoff-Love shells was first proposed in 1874 by Aron [8].
Generalizations and corrections were formulated by Love [9J, Goldenveizer [5J, Lure [6J
and Novozhilov [7].

In this section, the fundamental results from the theory of thin shells are collected as
presented by Novozhilov in his above mentioned book [7].

2.1 Strain relation

Let !Y.l' !Y. 2 be an orthogonal curvilinear coordinate system which coincides with the
principal lines ofcurvature. The following symbols are defined

A I ,A2 corresponding Lame parameters (first fundamental quadratic form of the
surface)

R l , R2 principal radiuses of curvature of the middle surface
P 1 , P2 radiuses of geodesic curvature on the middle surface

1 cA 2

Pl A l A 2 C!Y.2 '

cAl
----

P2 A 2A l C!Y.l

u, v displacement components of a point on the middle surface
w vertical deflection of a point on the middle surface.
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The components of strain of the middle surface are obtained as

lou I oA 1 w au v w
C1 =--+---v+-=-- +-+-

A 1oOC 1 A 1A 2 0ct.2 R 1 A 10ct. l Pl R 1

lou I oA 2 W OV U W
C2 = --+-- --u+- = -- + -+-

A 2 act. 2 A 1A 2 Oct. 1 R 2 A 20ct.2 P2 R 2
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(1)

(2)

10({J1 ({J2'2 = +----.
A 20ct.2 P2'

We will also employ the following notations:

fJ = _1_[OA 1U_ OA2VJ = W2 -W 1
2A 1A 2 OOC2 act. 1 2

W1+W2 I[A20(V) A 10(U)J
W = 2 ="2 A10OC1 A 2 +A 20OC2 A 1 . I (3)

2.2 Compatibility equations

The three well known Gauss-Godazzi equations must be satisfied by the deformed
surface, so that the train components are related by the three compatibility equations:

a * aA 1 * a * aA2 *;;-- (A 2K2)+-;-'2 -;;-- (A 1,d- -::1- K 1uct. 1 uct. 2 uOC2 uct.1

I [ a aA 1 a aA 2 ]
--R ;;--(A2Ci)+--;-wi - ;-(A1w!)--a- c! = 0

1 uct.1 uct.2 uct.2 ct.1

a (A *) oA 2 * a * aA 1 *;;-- 1K1 +-;- '1 --a (A 2'2)--0 K2
uOC2 uOC 1 OC 1 ct.1 (4)

I [ a * aA2 * a (A * oA 1 *] 0--R ;;--(A 1Cd+-:;----w 1-;;-- 2W2)--a-c2 =
2 uct.2 uct. 1 uOC l OC 2

A 1A 2(Ki +R
KT

) --aO{_I_[-~(A2Wi)+aaA1C2 --aO (A 1c!)+ ~A2 WTJ}
R 1 2 OC 2 A 2 uct.1 OC 2 ct.2 uct.1

+-aa{AI [-aO (A 2ci)+ aa
A1

wi--
a

a
(AlwT)- aa

A2 aT]} = 0,
ct.2 1 ct.1 ct.2 OC 2 ct.1
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where
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K1 = K!;

(5)

2.3 Equilibrium equations

The equivalent forces and moments acting on the sides of the shell are defined in Fig. 1.

FIG. I. Definitions of the force and moment resultants of the shell.

Let q t , q2' qn be the three components of the external forces acting on a unit area of
the middle surface. The following exact equilibrium equations are obtained by projecting
all forces on the three directions of the coordinate axes

(6)

(7)
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2.4 Strain energy

For a thin shell, it is possible to express the strain energy in terms of the components of
strain and stress of the middle surface:

c5W = ff[N 1&1 + N 2&2 + N 12 c5W I + N 21 bw2 + M IbK 1 + M 2 c5K 2 + M 12br 1 + M 21 br2]

xAIA2dlXldlX2. (8)

Putting

M21 M12S = N I2 --- = N 21 ---
R 2 R 1

H = t(M 12 +M21 )

where

aT = IN 1N 2 SM 1M 22HI

c
T = ICIC2wKIK2rl,

the variation of the strain energy is finally obtained as

2.5 Strain-stress relations

Hooke's law for a thin shell may be written in matrix form as

(9)

where

and

(J = [H]c, (10)

M 0
[H] =

0 N

1 v 0

Eh v 1 0
M=~-v

I-v
0 0 --

2

1 v 0
Eh 3

1 0N= v
12(1- v2 )

0 0 (1- v)
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Then, the expression of strain energy is

1 II T 1II T -1W =.2 [f. [H]f.]A1A z d:X1 d:xz =.2 [a [H] a]A 1Az d:X1 d:x z,

or, explicitly:

W = 2(1~VZ) I I[(1;1 +GZ)Z - 2(1- v) (£1GZ - :Z) ]A 1Az d:X 1d:xz

Eh
3

II z z+24(1-vZ) [(K1+KZ) -2(1-V)(KlKz -r )]AlAzdClldClz,

where h is the thickness of the shell.

3. BOUNDARY CONDITIONS OF KIRCHHOFF-LOVE SHELLS
BY THE VARIATIONAL METHOD

(11)

The variation with respect to the displacements of the strain energy of the shells defined
by (8) may be written in the following form

bW = I I[Nl&l + Nz&z + N 12bwl +NZlbwZ +MlbKl + MzbKz +M12br l +MZlbrZJ

II[(
MlZ M Zl ) (WZ-w l )]xAlAzdClldClZ+ NlZ-Nzl+R;- R

z
b 2 AlAzdClldClZ'

where the newly introduced bracket

is shown to vanish as a consequence of the definitions

fh/Z ( Z )
N ZI = aZl 1+- dz

-h/Z R 1

I
h

/

Z

( z )M Zl = z 1+- a z 1 dz
-h/Z R l

because of the symmetry of the stress tensor. Now, the strain energy variation is arranged
in the form:
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Putting

(12)

r! =

the strain energy becomes

bW = f f[N I&! +N2&~+ N 12bw! +N2Ibw~+M IbK! +M2bK~ +M 12br! +M2IbT~J
(13)

The complementary energy variation may be written immediately by permutation of vari
ables as

b<I> = f f[B!bN 1+B~bN2+w!bN 12 +W~bN21 +K!bM1+K!bM2+r!bM 12 +T~bM21J

(14)

For convenience, the strain energy is decomposed in different terms:

where

bWI = f f [N1&1 +N2&2 +N 12bW1+N21 bW2JA 1A2dcx1dcx2

bW2+bW3 + bW4 +bWs = f f [M 1bK1+ M 2bK2+M 12bT1+M21 bT2JA 1A2 dcx1dcx2·

The quantities bW2, bW3 , bW4 , bWs will be defined later on.
Substituting now the membrane strain components by their values from (l), one obtains

Taking into consideration the Gauss-Ostrogradski formula
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(15)

[NJ=INI Nl21N21 N2
D T = luvl·

Introducing the explicit expression (2) of the components of the curvature tensor in bW2 +
bW3 +bW4 +bWs gives

bW2= ff{M I ~A2 a~J~~w )}M2[-AI a~J~~w)]
+M12[A2a~1 (-A::a/W)]+M21 [ Ala~J-A::albW} J} da1 da2

+M2{Ala~J~~}]} dal da2

bW4 = fJ{M{ -~~:(A::a/W)]+M{-~~;(A::albW)]

x M12[-~~:( -A::a/W)] +M21 [ - ~~;( - A::a/W)J} da 1 da2

bWs = ff{M{ -~~:(-~:)J+M2[ -~~;(-~)]+M12[ -~~:(~)]

+M21 [ - ~:(~:)J} dal da2·

Integrating by parts the second term, one finds,

bW2 = -f o(M]b grad wds+ff PI grad wdal da2'

where

(16)

(17)

(18)
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and the vector P t is defined as

A lA 2P 1 = LJ~l (M lA2)+ O~2(M2Al)}l + [O~l (M 12A 2)+ O~2 (M2Al)}2

[
0 0 ] gl [0 0 ] g2

= olXl(MtA2)+OIX2(M2lAd A
l
+ olXl(M12A2)+O<X2(M2Ad A

2
'

where e l and e2 are the unit vectors along the coordinate lines Ql' 1X2 and

Or Or
gl =-, g2 =-

OCXl OCX2

are the partial derivatives of the position vector r of a point of the middle surface.
Recalling now the formula of variational analysis:

v grad 'P = div('Pv) - 'P div v

with

. 10 1 10 2
dlV V = A A ;-(AlA 2v )+A A ;-(AlA2v),

1 2 vCX 1 1 2 vCX 2

the last term of the right member of equation (18) may be transformed as follows:

Then
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(19)

15W2 = f( -n[M]15 grad w+nP l15W)ds- ffdiv P l15wA 1A2dcxl dcx 2· (20)

Applying again the Gauss-Ostrograski formula mentioned above, 15W3 is reduced to

where the curvature matrix is

In the same way,

where

(21)

(22)
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As to the last term /j W5 , it may be expressed in terms of Pz and D. One has

Or:

In short, the strain energy variation /j W may be divided in two parts: In the interior

(23)

where

At the boundary

(24)

/j~ = fn{[N] + [M][X]}/jD ds+ f {-n[M]c5 grad w+nQ} ds (25)

On the other hand, the variation of the potential energy of external forces is given by

where

q* = Iq!q!1 is the loading vector on the middle surface,

q: = the vertical component of the surface loading.

Obviously,

q! = A 1Azql

q! = AzA1qz

q: = A1Azqn
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Also,
N: = external normal force
M: = external moment
Q: = external transverse force applied on the boundary and
Zi = external concentrated transverse force.

It should also be noted that the surface element is defined as

dS = A1Az d(Xl d!Xz·

The principle of minimum potential energy requires therefore, that

l5(W+P) = O.
For l5D arbitrary

-J-(N1Az)+-aa (A1Nzl)-Nz °a
Al

+ Mz aaAl+RQ1+q! = 01
V(Xl (Xz (Xl (Xz 1

a 0 aAz oAz Qz * .
-;-(NzAl)+-;-(AzN12)-Nl ~+Ml~+-R+qz = 0
v!X Z v!X 1 v(XZ v!X 1 Z

For l5w arbitrary

~(A Q) ~(A Q) NzA1A z N1A1A z * - 0:l Z 1 +:l 1 Z + R + R +qn - ,
v(X 1 v(Xz Z 1

where from (19) and (22)

o 0 OAl OAZ!A1AzQl = -;-(M1Az)+-a(MZ1Al)+M1Z~-Mz-a
v!X 1 <Xz v!Xz IX 1

a 0 oAz oA l
A1AzQz = -;-(M12Az)+-;-(MzAl)+M21~-Ml-a

v!X 1 v!X Z v!X 1 IX Z

At the boundary

Putting
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(27)

(28)

(29)

Mn = nT[M]n

N n = nT[N]n

M nt = nT[M]t

N nt = nT[N]t,

the boundary part of strain energy may be modified as follows:

fnT{[N] + [M] [X]}l5D ds+ f { -nT[M]l5 grad w+nTQl5w}dS

=f{(Nn+~:) ~un+ (Nnt +~~)l5Ut+Qnl5W}ds+f {Mnl5~:- :t M ntl5w :t M ntl5W}dS

= f { (Nn+ ~j ~un + (N nt + ~~) 6U t } ds +f {Mnl5 ~: + (Qn + a~nt) ~w} ds

+ [(Mnt(Si -0)- Mnt(Si +O)]w i ,
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and the following results are obtained at the boundary for the condition b(W+P) = 0

1. or

2. or
M"lNnl+R t

(30)2

3. or
w* = w

Q* = Q aM"t
n n + ot

(30h

aw* QW
-=-on on

(30h
wr = W

S.or
Zi = Mn,(si-O)-Mm(si+O).

As a conclusion, if the continuity of the curvature afthe middle surface is secured, a dis
placement model of Kirchhoff-Love shells is conforming when the following boundary
conditions are satisfied at the interface ofneighbouring elements:

(u"J = (u"J

(utJ = (utJ

(w)+ = (w)_
(31)

(~:) + = (~:)
Notice that the rotation vector is defined as

and

Finally the conditions (31) may be written as

(u".) = (u,,-)

(utt ) = (ulJ

(w)+ = (w)_

(lPnt) = (lpn-)

(32)
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4. DUALITY IN THE THEORY OF KIRCHHOFF-LOVE SHELLS
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Equations (32) prove that a conforming displacement model requires a priori the con
tinuity of the quantities u", u" w, CfJ".

To develop such an element, one must formulate suitable assumptions about these
quantities and define generalized displacement coordinates that determine completely
the conformity along each edge. The equilibrium of the element will be insured by the
variational principle of total strain energy. In absence of surface forces, the equilibrium
equations obtained by the variational principle are, by (27) and (28):

(33)

where, by (29), the quantities QI' Q2 are such that:

(34)

These equilibrium equations are, moreover, exact, because they are identical to the projec
tion equations (6) and (7) of the general shell theory. The quantities QI' Q2' defined by
equation (34) are identified with the transverse shearing forces, because they express the
equilibrium of the shell element in the transverse direction.

To develop conforming models, some assumptions are made on the stress components,
such that internal equilibrium is satisfied [2] on the one hand, and the continuity of the stress
components defined along the edges is secured on the other hand.

The compatibility is insured by the principle of minimum complementary energy. The
variation of the complementary energy is

be/> = SS[6tCiNI+6~e5N2+WtCiNI2+w~e5N2t+KNMt+K~<5M2

+ ,10M12 + r!oM21]AIA2 dlX, dIX2
(35)

The compatibility equations may be rediscovered by applying the variational principle
if one takes into account that the eight stress components N I' N2' N21, N12' M I, M2' M 12 ,
M 21 are derived from three independent quantities: U(IXt> :x2), V(IX" 1(2)' W(lX t , 1(2)
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(representing generalized Airy stress functions) by the following relations:

N I = K~(U, V, W)

N z = K!(U, V, W)

N lZ = T!(U, V, W)

N Z1 = -n(U, v, W)

M I = E~(U, V, W)

M z = -EnU, v, W)

M 12 = -Q!(U, v, W)

M Z1 = Qt(U, V, W)

(36)

(37)
Kt = nz(u, v, w)

Kz = n1(u, v, w)

'1: 1 = -nZI(U, v, w)

'l:z = -n1z(u, v, w)

The operators Et, E!, Qt, Q!, Kt, K!, Tt, T! act on the stress functions U, V, W in the
same way that the eight modified strain components er, e1, w!, w1, K!, K1, 'I:!, 'I:! act on the
displacement components U, V, w: The definitions ofstrain components are given previously
by the general theory [see formulae (1), (2) and (5)].

Conversely, the conjugated asterisk strain components are related to the stress com
ponents by the following dual relations:

et = - mz(u, v, w)

e~ = - m1(u, v, w)

wt = mZI(u, v, w)

wi = -mlZ(U' v, w)

where the eight operators nl, nz , nlZ' nZ1 ' mI' mz, mlZ, mZl are related to the displace
ments u, v, w as the eight stress components to the stress functions U, V, w:

The compatibility conditions are formed by substituting quantities (36) and (37) into
expression (35) of the complementary energy:

be/> = ff [-n l bEt -nzbE! +n12bQt +nzIbQ! mI bKt -mzbK~ +mz lbT!

(38)
+mIzbTtJA 1A z doci docz

Then, by comparison it can be seen that this equation is (except for the sign) similar to the
variation of strain energy defined by equation (13); rewritten here as

bW = ff [N l oet + NzJe! + N 120wt +NZIbw! +M1bKt + MzbK! +M 12b-rt

+ M21b-r!]AIAZ doc i docz·
(39)
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Attention must be paid to the fact that the variation of (39) is taken on the displacements
u, v, wand the variation of (38) is made on the dual quantities U, V, Jv.

The previous variational calculations could be avoided, simply by comparing the energy
equations (38) and (39), and rewriting equations (33), with a few differences of sign

(40)

(41)

By substituting the values of nt, n2' n12' n2I' mb m2' m12' m21 defined by equations (37),
the equations which should be obtained by the variational principle of complementary
energy are immediately found as:

(42)

(43)

Equations (43) may be transformed as follows:

(44)
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(45)

(46)

Equations (45) are identical to the compatibility conditions (4) of the general shell
theory. Consequently if the generalized Airy functions U, V, Ware chosen in such a way that
the derived stress components are defined by equations (36), the internal compatibility is
secured by the variational principle ofthe complementary energy.

5. CONTINUITY OF STRESSES AT THE BOUNDARY

If the functions U, V, Ware conforming along the edges in the same way as the displace
ments u, v, W, the stress transmission is perfectly continuous. Indeed, let us now consider an
arbitrary face normal to the shell surface element along the !Xl direction of the orthogonal
curvilinear coordinate system. In these conditions, the derivation operators become:

a a
A2oa2 an

Moreover, the variational calculations given above shows that the Kirchhoff equivalent
stress components are four (Fig. 2) and may be related to the five stress components defined
on an arbitrary edge by the relations.

Q* = Q oMn,
• n+ at

* _ N Mitt
N nt - nt+T

t

N: = N n

Mt = M n

(47)
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FIG. 2. The equivalent stress components. the geodesic radiuses ofcurvature and the principal radiuses of
curvature.
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which, in their turn, may be directly deduced from the quantities V, V, W by analogy (36)
and equations (46)

N: = ~(_ oW+ V n ) +~ (_ oW+ VI)
at at R, P, an Rn

M: = _(BVn+V'+ W) .ot p, R,

_ o4>n+ ~+ ~(av,_ V n)N:, = at PI R, at PI

To obtain Qn' one must refer to equations (44) which determine the value of Qn

and then

with
oW VI

C1>n = --+an Rn

(48)

(49)
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Equations (48) and (49) prove that the equilibrium at an interface is equivalent to the
continuity of the stress functions U, V, Jv, oW/on along this interface. These conditions
are proper to conforming models, which require a priori the continuity of dual quantities
Un' Up w, ow/an.

The conclusion is that, to each conforming element ofshells with double curvature, one may
let correspond a perfect equilibrium element, and vice versa. I ntroducing suitable assumptions
on the displacements field for compatible shell elements is equivalent to formulating the
generalized Airy functions in equilibrium shell elements.

This duality is a generalization of the results obtained by Fraeijs de Veubeke and
Zienkiewicz (3]. In fact, in the case of a plane membrane, we have to consider only the
following strain components:

_ }'XY _ !(ov au)
OJ - 2 - 2 ax+ay ,

which may be deduced from equations (1). One observes that here:

1 1 1 1
-=-=-=-=0.
R i R 2 Pi P2

These strain components possess, by (36~ the conjugate quantities

(50)

au
M}. = -..,-,

ox
l(aV au)

M xy = 2 ax + ay ,

which are just the stress components ofa plate in bending. The symbols U and Vare, except
for the sign, the Southwell stress functions.

Therefore, each conforming element of a plane membrane carries a perfect equilibrium
element of a bending plate, and vice versa.

Moreover, in the Kirchhoff theory of bent plates, the curvatures generated by the
internal bending moments are related to the transverse displacement W by the relations

which may be deduced from equations (2) under the same conditions as (50). According to
the duality (36~ the conjugate stress components are:

a2 w
Ny = - ax2 '

which are just the stress components in the plane membrane. The quantity W is except for
the sign the usual Airy stress function.

Therefore, to each conforming element of bent plate corresponds a perfect equilibrium
element of a plane membrane, and vice versa.

On the other hand, in the membrane shell theory, only the following stress components
are considered:
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According to (36) and (37), the determination of these quantities is equivalent to that of the
curvature quantities

Therefore there is a connection between the theory of infinitesimal flexure and the membrane
theory ofshells.
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Resume-La dualite statico--geometrique est une propriete particulierement utile dans I'application de la methode
des elements finis aucalcul des coques a double courbure. Apres avoir fait ressortir les conditions de bord des
coques de Kirchhoff-Love et retrouve la dualite par Ie principe variationnel de l'energie, ce memoire se propose
de degager Ie fait qu'a chaque modele de deplacement pur des coques, on peut faire correspondre un modele
d'equilibre pur et vice-versa. Ceci constitue une generalisation de la dualite existante entre les membranes planes en
extension et des plaques en flexion, propriete remarquee il y a quelques annees par Fraeijs de Veubeke et Zienkie
wicz.

A6cTpaKT-eTaTHKo-reOMeTpH'IecKHll: AYaJIH3M lIBnlleTCll cneQHaJIbHO none3HbIM CBOll:CTBOM Mil npHMe

HeHHlI MeToAa KOHe'lHOrO 3neMeHTa K pac'IeTy o60JIO'leK ABOll:HOll: KPHBH3HbI. nocne YCTaHOBJIeHHlI rpaHH'I

HbiX YCJIOBHll: Mil 060JIO'leK H onpeAeJIeHHlI AYaJIH3Ma, C nOMoIUblO BapHaQHOHHOro npHHQHna, yKa3bI

BaeTClI B pa60Te, 'ITO KallC.D;bIll: COOTBeTCTBYIOIUHll: 3JIeMeHT MOlKeT COrJIaCOBblBaTbClI C eJIeMeHTOM

paBHOBecHlI H Hao6opOT. 3TO lIBJIlIeTClI o606IUeHHeM cTeplKHeBOll: aHaJIOrHH MelKAY H3rH6oM llJlaCTHHOK

H paCTlIlKeHHeM MeM6paH, OTKPblTbiM HeCKOJIbKO JIeT Ha3aA cPpaeHll:coM Ae BeAexe H 3eHxeBH'IeM.


